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Dedicated to Edi Zehnder on the occasion of his seventieth birthday 



Abstract. We prove the Conley conjecture for negative monotone, closed 
symplcctic manifolds, i.e., the existence of infinitely many periodic orbits for 
Hamiltonian diffcomorphisms of such manifolds. 
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1. Introduction and main results 

1.1. Introduction. In this paper, we establish the Conley conjecture for negative 
monotone, closed symplcctic manifolds. More specifically, we show that a Hamil- 
tonian diffcomorphism of such a manifold has infinitely many periodic orbits. 

The Conley conjecture was formulated by Charles Conley in 1984 for the torus 
(see [Co]), and since then the conjecture has been a subject of active research fo- 
cusing on establishing the existence of infinitely many periodic orbits for broader 
and broader class of symplectic manifolds or Hamiltonian diffcomorphisms. Note 
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that the example of an irrational rotation of S 2 shows that the Conley conjecture 
does not hold unconditionally - some assumptions on the manifold or the Hamil- 
tonian diffcomorphism are required - in contrast with, say, the Arnold conjecture; 
see [GK] for more examples of this type. 

The conjecture was proved for the so-called weakly non-degenerate Hamiltonian 
diffcomorphisms in [SZ] (see also [CZ]) and for all Hamiltonian diffcomorphisms of 
surfaces other than S 2 in [FrHa] (see also [LeC]). In its original form, as stated 
in [Co] for the torus, the conjecture was established in [Hi] and the case of an 
arbitrary closed, symplectically aspherical manifold was settled in [Gi2] . The proof 
was extended to rational, closed symplectic manifolds M with c\(TM)\^tM) = 
in [GG1] and the rationality requirement was eliminated in [Hel]. Thus, after 
[SZ], the main difficulty in establishing the Conley conjecture for more and more 
general manifolds with spherically vanishing first Chern class, overcome in this 
series of works, lied in proving the conjecture for totally degenerate Hamiltonian 
diffcomorphisms not covered by [SZ] . (The internal logic in [FrHa, LeC] , relying on 
low-dimensional dynamics methods, is somewhat different.) 

Two other variants of the Conley conjecture have also been investigated. One is 
the Conley conjecture for Hamiltonian diffcomorphisms with displaccablc support; 
see, e.g., [FS, Gii, HZ, Sc, Vi]. Here the manifold M is required to be symplectically 
aspherical, but not necessarily closed. The second one is the Lagrangian Conley 
conjecture or more generally the Conley conjecture for Hamiltonians with controlled 
behavior at infinity on cotangent bundles; see [He2, Lo2, Lu, Ma]. 

As has been pointed out above, some requirement on M is necessary for the 
Conley conjecture to hold, but this requirement need not necessarily be the con- 
dition that ci(TM)| 7r2 (7v/) = 0. One hypothetical replacement of this condition, 
conjectured by the second author of this paper, is that the minimal Chern number 
N of M is sufficiently large, e.g., N > dimM. (The condition ci{TM% 2{M) = 
corresponds to ./V = oo.) More generally, it might be sufficient to require that the 
Gromov-Witten invariants of M vanish, as suggested by Michael Chance and Dusa 
McDuff, or even that the quantum product is undeformcd. No results in this di- 
rection have been proved to date. Alternatively, one may require M to be negative 
monotone and this is the case we consider in the present paper. (Our result almost, 
but not quite, fits within the scope of the Chance-McDuff conjecture: it is easy to 
see that the Gromov-Witten invariants of a negative monotone manifold M vanish 
when N > dimM/2; cf. [LO].) 

A major difficulty in proving the conjecture when c\{T M)\n 2 (M) ^= lies in es- 
tablishing the weakly non-degenerate, or even non-degenerate, case. For the totally 
degenerate case is settled in [GGI] without any requirements on the Chern class for 
rational manifolds. (Interestingly, once the rationality condition is dropped, vanish- 
ing of the first Chern class becomes again essential for the proof, [Hel].) Our proof 
relies on keeping track of the behavior of both the index and the action under iter- 
ations along the lines of the reasoning from [GGI], in contrast with the argument 
from [SZ] making use only of the index, and on the fact that for a negative monotone 
manifold the index and action change in the opposite ways under recapping. The 
proof also crucially relies on the subadditivity of the action selector with respect 
to the pair-of-pants product. This part of the proof is reminiscent of the argument 
for Hamiltonians with displaceable support in [Sc, Vi] and has no corresponding 
counterpart in other proofs of the Conley conjecture; cf. [SZ, Hi, Gi2, GGI, Hel]. 
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On the technical level, the present work draws heavily on [GG1] and can be thought 
of as a follow up of that paper. 

We also use the machinery developed in [GG1] to relate, in the symplcctically 
aspherical case, the growth of orbits to the decay of mean indices for a certain type 
of periodic orbits. 

1.2. Results. Recall that a symplectic manifold (M, uj) is called negative monotone 
if [w]| ff2 (M) = ^ c i{TM)\ n2 (M) for some A < 0. Negative monotone symplectic 
manifolds exist in abundance. A standard example is the hypcrsurface z™ + • ■ • + 
z™' = in CP", where m > n+ 1; see, e.g., [MS, pp. 429-430] for the case of n = 4. 

Theorem 1.1. Let ip be a Hamiltonian diffeomorphism of a closed, negative mono- 
tone symplectic manifold. Then ip has infinitely many periodic orbits. 

Remark 1.2. Note that this theorem is somewhat weaker than the versions of the 
Conley conjecture established in the case where Ci(TM)| 7r2 ( M - ) = 0. Namely, while 
here we prove only the existence of infinitely many periodic orbits, the results for 
c\(TM)\k 2 (m) = assert the existence of simple periodic orbits with arbitrarily 
large period, provided that the fixed point set is finite. 

Furthermore, the proof of Theorem 1.1 utilizes Hamiltonian Floer theory. Hence, 
unless M is required to be weakly monotone, the argument ultimately, although not 
explicitly, relies on the machinery of multi-valued perturbations and virtual cycles; 
see Remark 2.1 for further discussion. 

As has been pointed out above, the other result of this paper, also established 
using some of the machinery utilized in the proof of Theorem 1.1, relates the growth 
of periodic orbits to the decay of the mean indices for a certain type of periodic 
orbits (the so-called carriers of the action selector) for symplectically aspherical 
manifolds. In particular, we show that whenever the mean indices of the carriers 
are bounded away from zero, the number of simple periodic orbits grows linearly 
with the order of iteration. 

The paper is organized as follows. In Section 2, we set our conventions and 
notation and discuss some standard notions and results from symplectic topology, 
needed for the proof of the main theorem. These include the mean index, the 
filtered and local Floer homology, the action selector, and their properties. The 
main objective of Section 3 is to prove Theorem 1.1. The proof hinges on the notion 
of a carrier of the action selector discussed in Section 3.1. The relation between the 
growth of orbits and the decay of mean indices is established in Section 3.3. 

1.3. Acknowledgments. The authors are grateful to Alberto Abbondandolo, Jan- 
ko Latschev and Michael Usher for useful discussions. A part of this work was 
carried out while both of the authors were visiting MSRI during the Symplectic 
and Contact Geometry and Topology program. The authors would like to thank 
MSRI for its warm hospitality and support. 

2. Preliminaries 

The goal of this section is to set notation and conventions and to give a brief 
review of Floer homology and several other notions used in the paper. 



4 



VIKTOR GINZBURG AND BASAK GUREL 



2.1. Conventions and notation. Let (M 2n ,u>) be a closed symplectic manifold. 
Throughout the paper we will usually assume, for the sake of simplicity, that M 
is rational, i.e., the group ([o>], ^(Af)) C K formed by the integrals of uj over the 
spheres in M is discreet. This condition is obviously satisfied when M is negative 
monotone as in Theorem 1.1 or monotone, i.e., [w] |7t 2 (m)= Aci(M) ^(m) for some 
A < in the former case or A > in the latter. Recall also that M is called 
symplectically aspherical if [to] | W2 (m)= = ci(M) \ n2 (M)- 

All Hamiltonians H on M considered in this paper are assumed to be fc-periodic 
in time, i.e., H : S], x M — > R, where Si = K/fcZ, and the period fc is always 
a positive integer. When the period is not specified, it is equal to one, which 
is the default period in this paper. We set H t — H(t, •) for t £ S 1 = R/Z. 
The Hamiltonian vector field Xh of H is defined by ix H u = —dH. The (time- 
dependent) flow of Xh will be denoted by tp H and its time-one map by ipn- Such 
time-one maps are referred to as Hamiltonian diffeomorphisms. A one-periodic 
Hamiltonian H can always be treated as fc-periodic. In this case, we will use the 
notation H# k and, abusing terminology, call H# k the fcth iteration of H . 

Let K and H be one-periodic Hamiltonians such that K\ = Hq and Hi = Kq. 
We denote by K#H the two-periodic Hamiltonian equal to Kt for t £ [0, 1] and 
Ht^ for t £ [1, 2]. Thus, H# k = H#...#H (k times). 

Let x: Si — > W be a contractible loop. A capping of x is a map u: D 2 — > M 
such that u |gi= x. Two cappings u and w of x are considered to be equivalent 
if the integrals of u) and c\(TM) over the sphere obtained by attaching u to v are 
equal to zero. A capped closed curve x is, by definition, a closed curve x equipped 
with an equivalence class of cappings. In what follows, the presence of capping is 
always indicated by a bar. 

The action of a one-periodic Hamiltonian H on a capped closed curve x = (x, u) 
is defined by 

Aii(x) = - [ cj+ [ H t {x{t))dt. 

Ju JS 1 

The space of capped closed curves is a covering space of the space of contractible 
loops and the critical points of Ah on the covering space are exactly capped one- 
periodic orbits of Xff. The action spectrum S(H) of H is the set of critical values 
of Ah- This is a zero measure set; see, e.g., [HZ, Sc]. When M is rational, S(H) 
is a closed, and hence nowhere dense, set. Otherwise, S(H) is dense in K. These 
definitions extend to fc-periodic orbits and Hamiltonians in an obvious way. Clearly, 
the action functional is homogeneous with respect to iteration: 

A H #k(x k ) = kA H {x). 

Here x k stands for the fcth iteration of the capped orbit x. 

All results of this paper concern only contractible periodic orbits and throughout 
of the paper a periodic orbit is always assumed to be contractible, even if this is not 
explicitly stated. 

A periodic orbit x of H is said to be non- degenerate if the linearized return map 
difin ■ T X ( \W — > T X ^W has no eigenvalues equal to one. Following [SZ], we call 
x weakly non- degenerate if at least one of the eigenvalues is different from one. A 
Hamiltonian is non-degenerate if all its one-periodic orbits arc non-degenerate. 

Let cc be a non-dcgcncratc (capped) periodic orbit. The Conley-Zehnder index 
Hcz(x) £ Z is defined, up to a sign, as in [Sa, SZ]. (Sometimes, we will also use the 
notation fi cz (H,x).) More specifically, in this paper, the Conlcy-Zchnder index is 
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the negative of that in [Sa]. In other words, we normalize (i cz so that /J, C z(x) = n 
when x is a non-degenerate maximum (with trivial capping) of an autonomous 
Hamiltonian with small Hessian. The mean index A#(x) £ M. measures, roughly 
speaking, the total angle swept by certain eigenvalues with absolute value one of 
the linearized flow dLp l H along x with respect to the trivialization associated with 
the capping; see [Lol, SZ]. The mean index is defined regardless of whether x is 
degenerate or not and Ah(x) depends continuously on H and x in the obvious 
sense. When x is non-degenerate, we have 

< \A H {x) -n cz {H,x)\ < n. (2.1) 

Furthermore, the mean index is homogeneous with respect to iteration: 

A H#k (x k ) = kA H {x). 

2.2. Floer homology. In this subsection, we very briefly recall, mainly to set 
notation, the construction of the filtered Floer homology. We refer the reader 
to, e.g., [HS, MS, Sa, SZ] and also [FO, LT] for detailed accounts and additional 
references. 

Fix a ground field F. Let H be a non-degenerate Hamiltonian on M. Denote by 
CF^ k ' 00 ' b '(H), where b e (— oo, oo] is not in S(H), the vector space of formal sums 

a = ^2 ctxX. 

x<£V(H) 

Here a s G F and fJ. C z(x) = k and Ah(x) < b. Furthermore, we require, for every 
o£l, the number of terms in this sum with a s ^ and Ah{x) > a to be finite. The 
graded F- vector space CFj °°' 6 ' (£T) is endowed with the Floer differential counting 
the anti-gradient trajectories of the action functional; see, e.g., [HS, MS, On, Sa] and 
also [FO, LT]. Thus, we obtain a filtration of the total Floer complex GF*(H) := 
CF (-oo,oo) (i ^ Furthermore, we set CF^ 6 )(F) := CF(-°°' b) (Jr)/ CF<-°°' a )(iT), 
where — oo < a < b < oo are not in S(H). The resulting homology, the filtered Floer 
homology of H, is denoted by HF^ a,6) (F) and by HF*(if) when (a, b) = (-oo, oo). 

Working over F = Z 2 , we can view a chain a = ^a^x G CF^(H) as simply 
a collection of periodic orbits x for which a s ^ 0. In general, will say that x 
enters the chain a when a s ^ 0. Note also that every F- vector space CFk(H) is 
finite-dimensional when M is negative monotone or monotone with A > 0. 

The total Floer complex and homology arc modules over the Novikov ring A. In 
this paper, the latter is defined as follows. Let u>(A) and (a(TM),A) denote the 
integrals of tu and, respectively, c\(TM) over a cycle A. Set 

I U (A) = -u(A) and I C1 (A) = -2 ( Cl (TM),A) , 

where A S 7r 2 (M). For instance, 

I u = 2 J C1 

when M is monotone or negative monotone. In particular, I U (A) and I C1 (A) have 
opposite signs when M is negative monotone. Let 

r _ MM) 

ker I w (~l ker I C1 

Thus, r is the quotient of 7r 2 (M) by the equivalence relation where the two spheres 
A and A' are considered to be equivalent if uj{A) = w(A') and (ci(TM), A) = 
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(ci(TM), A'}. For example, T ~ Z when M is negative monotone or monotone 
with A 7^ 0. The homomorphisms I u and I Cl descend to T from ir2(M). 

The group V acts on OF* (if) and on HF^ii) via recapping: an element A E V 
acts on a capped one-periodic orbit x of ii by attaching the sphere A to the original 
capping. We denote the resulting capped orbit by x#A Then, 

(i cz (x#A) = (t oz (x) + I C1 (A) and A H (x#A) = A H (x) + IM- 
Note that in a similar vein we also have 

A ff (.i#A) = A H (x)+I Cl (A), (2.2) 

regardless of whether x is non-degenerate or not. 

The Novikov ring A is a certain completion of the group ring of T over F. Namely, 
A is comprised of formal linear combinations ^a^e^ 4 , where a a £ F and A e T, 
such that for every a£l the sum contains only finitely many terms with I u (A) > a 
and, of course, a a ^ 0. The Novikov ring A is graded by setting deg(e j4 ) = I C1 (A) 
for A e T. The action of T turns CF*(H) and HF»(if) into A-modules. 

The definition of Floer homology extends to all, not necessarily non-degenerate, 
Hamiltonians by continuity. Let H be an arbitrary (one-periodic in time) Hamil- 
tonian on M and let the end points a and b of the action interval be outside S(H). 
By definition, we set 

where H is a non-degenerate, small perturbation of H . It is well known that here 
the right hand side is independent of H as long as the latter is sufficiently close to 
H . Working with filtered Floor homology, we will always assume that the end points 
of the action interval are not in the action spectrum. (At this point the background 
assumption that M is rational becomes essential; see [Hcl] for the irrational case 
and also [GG1, Remark 2.3].) 

The total Floer homology is independent of the Hamiltonian and, up to a shift 
of the grading and the effect of recapping, is isomorphic to the homology of M. 
More precisely, we have 

HF*(.ff)SH* +n (M;F)®A 

as graded A-modules. 

Remark 2.1. We conclude this discussion by recalling that in order for the Floer 
differential to be defined certain regularity conditions must be satisfied gcncrically. 
To ensure this, we have to cither require M to be weakly monotone (see [HS, MS, 
On, Sa]) or utilize the machinery of virtual cycles (see [FO, FOOO, LT] or, for 
the polyfold approach, [HWZ1, HWZ2] and references therein). In the latter case 
the ground field F is required to have zero characteristic. Here we are primarily 
interested in negative monotone manifolds. Such a manifold is weakly monotone if 
and only if N > n — 2, where N is the minimal Chern number, i.e., the positive 
generator of (ci(TM), tt 2 (M)) C Z. 

2.3. Local Floer homology. In this section, we briefly recall the definition and 
basic properties of local Floer homology, following mainly [GG1] although this 
notion goes back to the original work of Floer (see, e.g., [Fll, F12]) and has been 
revisited a number of times since then; see, e.g., [Po, Section 3.3.4] and [Gi2, GG2, 
Hel]. 



CONLEY CONJECTURE 



7 



Let a; be a capped isolated one-periodic orbit of a Hamiltonian H : S 1 x M — > R. 
Pick a sufficiently small tubular neighborhood U of x and consider a non-degenerate 
C 2 -small perturbation H of H . (Strictly speaking U is a neighborhood of the graph 
of the orbit in the extended phase space S 1 x M.) The orbit x splits into non- 
degenerate one-periodic orbits of H, which are C 1 -close to x and hence contained 
in U. The capping of a; gives rise to the cappings of these orbits in an obvious way 
and the action of H on the resulting capped orbits is close to Ah (x). 

Every (anti-gradient) Flocr trajectory u connecting such capped one-periodic 
orbits of H lying in U is also contained in U, provided that \\H — H \\ C 2 is small 
enough. Thus, by the compactness and gluing theorems, every broken anti-gradient 
trajectory connecting two such orbits also lies entirely in U. Similarly to the def- 
inition of the ordinary Flocr homology, consider the complex CF*(H , x) over F 
generated by the capped one-periodic orbits of H in U with cappings inherited 
from x, graded by the Conley-Zehnder index and equipped with the Floer differen- 
tial defined in the standard way. The continuation argument (see, e.g., [MS, SZ]) 
shows that the homology of this complex is independent of the choice of H and of 
other auxiliary data (e.g., an almost complex structure). We refer to the resulting 
homology group HF*(ff, x) as the local Floer homology of H at x. This definition 
is a Floer theoretic analogue of the local Morse homology or critical modules; see 
[GM] and also, e.g., [Lol, Section 14.1] and references therein. 

Example 2.2. Assume that x is non-degenerate and ii cz (x) = k. Then HF/(i7, x) = 
F when I = k and BFi(H, x) = otherwise. 

Remark 2.3. In [Gi2, GG1, GG2], the perturbation H is required to be supported 
in U or, more precisely, supp(i7 — H) C U. This requirement is immaterial and 
we omit it in this paper. Furthermore we would like to emphasize that the above 
construction is genuinely local. At no point it depends on global properties of M 
(such as weak monotonicity) or requires virtual cycles. In fact, it suffices to have the 
Hamiltonian H defined only on a neighborhood of the orbit. However, a capping 
of the orbit is still essential or, at least, a trivialization of TM along the orbit must 
be fixed. 

Let us now briefly review the basic properties of local Floer homology that are 
essential for what follows, assuming for the sake of simplicity that M is rational. 

Just as the ordinary Floer homology, the local Floer homology is homotopy 
invariant. To be more precise, let H s , s £ [0, 1], be a family of Hamiltonians 
such that £ is a uniformly isolated one-periodic orbit for all H s , i.e., x is the only 
periodic orbit of _ff s , for all s, in some open set independent of s. Then HF >t (_ff s , x) 
is constant throughout the family: HF*(i7°, 5) = HF*(77 1 , x). 

Local Floer homology spaces are building blocks for filtered Floer homology. 
Namely, assume that all one-periodic orbits x of H are isolated and HFfc(7J, x) = 
for some k and all x. Then HFfc(iJ) = 0. Moreover, let c £ R be such that all 
capped one-periodic orbits Xi of H with action c are isolated. (As a consequence, 
there are only finitely many orbits with action close to c.) Then, if e > is small 
enough, 

HF (c-e,c+e) (if) = HF ^ lf ^ 

i 

By definition, the support of HF*(i/, x) is the collection of integers k such that 
HFfc(£f, x) ^ 0. By (2.1) and continuity of the mean index, HF*(iJ, x) is supported 



8 



VIKTOR GINZBURG AND BA§AK GUREL 



in the range [Ajj(x) — n, Ah(x) + n]. Moreover, when x is weakly non-degenerate, 
the support is contained in the open interval (Ah (x) — n, Ah(x) + n); cf. [SZ]. 

2.4. Action selectors. The theory of Hamiltonian action selectors or spectral in- 
variants, as they are usually referred to, was developed in its present Flocr-theoretic 
form in [Oh, So] although the first versions of the theory go back to [HZ, Vi]. (See 
also, e.g., [EP, FS, FGS, Gil, Gii, MS, Ul, 1X2] and references therein for other 
versions, some of the applications and a detailed discussion of the theory; here, we 
mainly follow [GG1].) 

Let M be a closed symplectic manifold and let H be a Hamiltonian on M. We 
assume that M is rational - this assumption greatly simplifies the theory (cf. [Ul]) 
and is obviously satisfied for negative monotone manifolds. 

The action selector c associated with the fundamental class [M] £ H2„(M;F) C 
HF n (iJ) is defined as 

c(H) = inf{a el\ S(H) \ u E im(i a )} = mi{a E K \ S(H) \ j a (u) = 0}, 

where i a : BF{-°°' a) (H) -> HF»(iJ) and f : HF*(iT) -> RF^'^iH) are the nat- 
ural "inclusion" and "quotient" maps. Then c(H) > — oo as is easy to see; [Oh]. 
The action selector c has the following properties: 
(AS1) Normalization: c(H) = maxi? if H is autonomous and C 2 -small. 
(AS2) Continuity: c is Lipschitz in H in the C°-topology. 
(AS3) Monotonicity: c(H) > c(K) whenever H > K pointwise. 
(AS4) Hamiltonian shift: c(H + a(t)) = c(H) + J* a(t) dt, where a: S 1 -> K. 
(AS5) Symplectic invariance: c(_ff) = c(tp*H) for any symplcctomorphism <p. 
(AS6) Homotopy invariance: c(H) = c(K) when tp H = ip K in the universal cov- 
ering of the group of Hamiltonian diffcomorphisms and both H and K are 
normalized to have zero mean. 
(AS7) Triangle inequality or sub-additivity: c(H#K) < c(H) +c(K). 
(AS8) Spectrality: c(H) E S(H). More specifically, there exists a capped one- 
periodic orbit x of H such that c(H) = Ah(x). 
This list of the properties of c is far from exhaustive, but it is more than sufficient 
for our purposes. Most of the properties are implicitly used in the proof of Lemma 
3.2 below and the sub-additivity in the form 

c(H# k )<kc{H) (2.3) 

is crucial for the proof of Theorem 1.1. It is worth emphasizing the rationality 
assumption plays an important role in the proofs of the homotopy invariance and 
spectrality; see [Oh, Sc] and also [EP] for a simple proof. (The latter property 
also holds in general for non-degenerate Hamiltonians. This is a non-trivial result; 
[Ul].) Finally note that for the triangle inequality to hold one has to work with a 
suitable definition of the pair-of-pants product in Floer homology; cf. [AS, U2]. We 
refer the reader to [U2] for a very detailed treatment of action selectors in generality 
more than sufficient for our purposes. 

3. Proof of Theorem 1.1 

As most of the proofs of the Conley conjecture type results, the proof of Theorem 
1.1 amounts to dealing with two cases. The so-called degenerate case is established 
for all rational symplectic manifolds in [GG1]. Here we consider the second, the 
non-degenerate case. (This terminology should be taken with a grain of salt. For, 
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for instance, in the non-degenerate case only some orbits of the Hamiltonian must 
be non-degenerate, and in fact only weakly non-degenerate. Note also that, when 
ci(TM)| 7r2 ( M ) = 0, this case was settled already in [SZ].) 

To illustrate the idea of the proof, let us consider the following situation. As- 
sume that an orbit x and its sufficiently large iteration x k , equipped with suitable 
cappings, "represent" the fundamental class in the Floer homology. Denote the 
corresponding capped orbits by x and y = x k #A. To represent the fundamental 
class, the orbits x and y must at least have non-vanishing Floer homology in degree 
n. When x is weakly non-degenerate, we have Ah{x) > 0. Hence, HF n (H, y) ^ 
implies, by (2.2), that I Cl (A) < for large k. On the other hand, due to the 
sub-additivity of the action selector, we have 

kA H {x) + I U (A) = A H#k (y) = c(H* k ) < k c(H) = kA H {x). 

Hence, Iuj(A) < 0, which is impossible since for negative monotone manifolds I Cl 
and I u have opposite signs. The remaining case where x is strongly degenerate and 
Ah(x) = is considered in [GG1]. 

To make this argument rigorous, we need to make sense of the statement that 
the orbits represent the fundamental class. This is done using the notion of a carrier 
of the action selector, discussed in the next section. 

3.1. Carrier of the action selector. When H is non-degenerate, the action se- 
lector can also be evaluated as 

c(H) = inf A H (o), 

[a] = [M] 

where we set 

Ah (c) = max{^4ij(x) | a s ^ 0} for a = ^ a s x £ CF n (H). 

The infimum here is obviously, when M is rational, attained. Hence there exists 
a cycle a = ^2a s x G CF„(7J), representing the fundamental class [M], such that 
c(ff) = Ah{x) for an orbit x, entering a. In other words, x, maximizes the action 
on er and the cycle a minimizes the action over all cycles in the homology class 
[A/]. We call such an orbit x a carrier of the action selector. Note that this is 
a stronger requirement than just the equality c(H) = Ah{x). A carrier is not 
in general unique, but it becomes unique when all one-periodic orbits of H have 
distinct action values. 

Our goal is to generalize this definition to the case where all one-periodic or- 
bits of H are isolated but possibly degenerate. Under a C 2 -small, non-degenerate 
perturbation H of H , every such orbit x splits into several non-degenerate orbits, 
which arc close to x. Furthermore, a capping of x naturally gives rise to a capping 
of each of these orbits; cf. Section 2.3. 

Definition 3.1. A capped one-periodic orbit x of H is a carrier of the action 
selector for H if there exists a sequence of C 2 -small, non-degenerate perturbations 

~ c 2 ..... ~ 

Hi —> H such that one of the capped orbits x splits into is a carrier for Hi. An 

orbit (without capping) is said to be a carrier if it turns into one for a suitable 

choice of capping. 

It is easy to see that a carrier necessarily exists, provided that M is rational 
and all one-periodic orbits of H are isolated. As in the non-degenerate case, a 
carrier is of course not unique in general - different choices of sequences Hi can 
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lead to different carriers. However, it becomes unique when all one-periodic orbits 
of H have distinct action values. In other words, under the latter requirement, the 
carrier is independent of the choice of the sequence Hi . 

Note also that one can always arrange for the sequence Hi to satisfy the addi- 
tional condition 

c(H) = c(Hi) (3.1) 

by adding a small constant to Hi. We can further assume that all one-periodic 
orbits of Hi have distinct action values. (This is a consequence of the fact that the 
Floer complex is stable under small perturbations of the Hamiltonian and auxiliary 
structures when all regularity requirements are met.) In what follows, we will 
always pick Hi such that (3.1) holds and the latter condition is satisfied. 

As an immediate consequence of the definition of the carrier and continuity of 
the action and the mean index, we have 

c(H) = Ah(x) and < A H (x) < 2n, (3.2) 

and the inequalities are strict when x is weakly non-degenerate. 

We will need the following result asserting that a carrier of the action selector is 
in some sense homologically essential. 

Lemma 3.2. Assume that all one-periodic orbits of H are isolated and let x be a 
carrier of the action selector. Then HF„(iJ, x) ^ 0. 

Proof. Let H be a one of the Hamiltonians in the sequence Hi and let y be a carrier 
of the action selector for H in the collection Y of non-degenerate orbits which x 
splits into. Thus, y £ Y is an action maximizing orbit in an action minimizing 
cycle cr = y + . . . € CF n (H). As has been pointed out above, we may assume that 
y is a unique action maximizcr in a and that A^(y) = c(H). 

At this point it is convenient to specify how close H must be to H. Fix a small, 
isolating neighborhood U of x and let V be the union of small neighborhoods of the 
remaining one-periodic orbits of H. (In particular, U and V are disjoint.) Thus, 
for instance, the group Y comprises one periodic orbits of H contained in U and 
equipped with the cappings inherited from x. (Strictly speaking, here, as in the 
definition of the local Floer homology, one should work with tubular neighborhoods 
of periodic orbits in the extended phase-space 5" 1 x M .) It is easy to show that for 
every H, which is C 2 -close to H , all one-periodic orbits of H are contained in UU V 
and, moreover, every solution u of the Floer equation connecting an orbit in U and 
an orbit in V must have energy E(u) > e for some constant e > independent of u 
and H; see, e.g., [Sa, Section 1.5] or [FO, Lemma 19.8]. This is our first closeness 
requirement. Furthermore, we pick H so C 2 -close to H that every orbit from Y 
has action in the range (c(H) — e/2, c(H) + e/2). 

Denote by ay the chain formed by the orbits from Y entering the cycle a. For 
instance, y enters the chain ay. Our goal is to prove that <j y e CF*(H, x) is closed 
but not exact. 

First let us show that ay is in fact a cycle in CF»(i/,5). To sec this, denote by 
dyuy the part of the cycle day formed by the orbits that also belong to Y . We 
need to show that dyay = 0. Assume the contrary: an orbit z' enters this cycle. 
Then, since a is closed, there must be an orbit z ^ Y in a connected to z' by a 
Floer trajectory u. In particular, u connects an orbit in V to an orbit in U and 
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hence E(u) > e. Thus 

A s (z) > Ajjiz') + E(u) > c(H) - | + e > c(H) = A & {y). 

This is impossible since y is an action maximizing orbit in the cycle a. 

To finish the proof, it remains to show that ay is not exact in CF*(7J, x). Assume 
the contrary. Then there exists a chain rj formed by some orbits from Y such that 
dyr/ = ay in obvious notation. We have dr\ = dyr] + A, where all orbits entering A 
are contained in V , while those from dyr) are contained in U . By the definition of 
the Floor differential, any orbit z entering A is connected to an orbit entering r\ by 
a Floor trajectory u beginning in U and ending in V. Hence, 

Ajj(z) < c(H) + e/2 - e < c(H) = A & {<x). 

As a consequence, every orbit in the cycle 

cr = a — dr] = (cr — cry) — X 

has action strictly smaller than Afj(a). (Indeed, an orbit from cr' cither enters a, 
but not Y, or enters A. In the latter case, the action does not exceed A a (a) — e/2 as 
we have just shown. In the former case, the action is again smaller than Afj(cr) = 
Afj(y). For y is a unique action maximizing orbit in a.) To summarize, we have 
[cr'] = [M] and A^{(t') < Ajj(a). This contradicts our choice of a as an action 
minimizing cycle. □ 

Remark 3.3. We finish this discussion with one minor, fairly standard, technical 
point. Namely, recall that the Floor complex of a non-degenerate Hamiltonian 
H depends not only on H but also on an auxiliary structure J, e.g., an almost 
complex structure when M is weakly monotone. Moreover, the complex is defined 
only when suitable regularity requirements are met. As a consequence, an action 
carrier is in reality assigned to the pair (H, J) rather than to just a Hamiltonian 
H in either non-degenerate or degenerate case. Thus, in Definition 3.1, we tacitly 
assumed the presence of an auxiliary structure J in the background and that the 
regularity requirements are satisfied for the sequence of perturbations. This can be 
achieved by either considering regular pairs (Hi, Ji) with J; —> J or even by setting 
J t = J; cf. [FHS, SZ]. 

3.2. Proof. Arguing by contradiction, assume that H has finitely many simple, 
i.e., non- iterated, periodic orbits. By passing if necessary to an iteration (and 
"adjusting the time"), we can also assume that all periodic orbits are one-periodic. 

3.2.1. A common action carrier. Our next goal is to show that after passing if 
necessary to an iteration we can assume that there exists a one-periodic orbit x 
(not capped) of H such that its iterations x ki are action carriers for H# ki for some 
infinite sequence fei = 1, &2, fcs, . . .. 

Indeed, let x\, . . . ,x m be all periodic (and thus in fact one-periodic) orbits of 
H. Let us break down the set of positive integers N into m groups Z\, . . . , Z m by 
assigning k £ N to Zj if Xj is an action selector carrier for H# k . If the action 
carrier for H# k is not unique, we pick it in an arbitrary fashion. Thus, we have 

m 

N = □ Z S 

3 = 1 
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with some of the sets Zj possibly empty. By the pigeonhole principle, one of the 
sets Zj, say Z\, contains an infinite subsequence 2 ls of the sequence k — 2 l of 
iterations. Let us replace H by H^ 2 ' 1 and set x — xf 1 , adjusting the time again. 
Then x ki is a carrier for H# ki , where ki = 1, = 2' 2 ~ Zl , k$ = 2' 3_/l , . . .. 

3.2.2. Two alternatives and the degenerate case. Let x be the orbit x capped as 
a carrier of H. Then Ajj(x) > and HF n (H, x) ^ by (3.2) and Lemma 3.2. 
When A if (a;) = 0, the capped orbit x is the so-called symplectically degenerate 
maximum and in the presence of such an orbit the Conley conjecture is proved 
for rational symplectic manifolds in [GG1]. (See also [Gi2, GG2, Hel] for the 
definition, a detailed discussion and applications of this notion, which originates 
from Hingston's proof of the Conley conjecture for tori; see [Hi].) 

Thus, it remains to prove the theorem in the case where Aff (x) > which 
is done in the next subsection. Here we only mention that this is the so-called 
weakly non- degenerate case. For, as is shown in [GG2], whenever Ah(x) > and 
HF„(if, x) 7^ 0, the orbit x is weakly non-degenerate. 

3.2.3. Weakly non-degenerate case. Pick a sufficiently large entree k in the sequence 
ki from Section 3.2.1 so that kAu{x) > In. Then n is not in the support of 
HF*(iJ, x k ). The capped orbit x cannot be a carrier of the action selector for 
H# k by (3.2) and thus it becomes one after non-trivial recapping by some sphere 
A. Denote by y = x k #A the resulting carrier for H# k . Applying (2.2) and (3.2) 
to y, we have 

2n + I C1 (A) < feAfj (x) + J C1 (A) = A H # k (y) < 2n. 

Hence, 

IM <0. 

On the other hand, using the sub-additivity (2.3) of the action selector, we obtain 
Ms(i) + I U (A) = A H#k (y) = c(H# k ) < k c(H) = kA H {x). 

Therefore, 

I U (A) < 0. 

However, we cannot have I C i(A) < and I U {A) < simultaneously for a negative 
monotone manifold M, since for M, as has been mentioned above, I u = XI Cl with 
A < 0. This contradiction completes the proof. 

3.3. Growth of orbits vs. decay of the mean indexes. The notion of an 
action carrier also lends itself readily to the proof of a simple result relating, in 
the symplectically aspherical case, the growth of the number of orbits of a certain 
type to the decay of the minimal mean index. To state this result, we need to 
change slightly our notation and recall some standard terminology. Let i be a 
simple r-periodic orbit of the Hamiltonian diffcomorphism <pn . Thus x comprises 
exactly r fixed points of tp T H and as many r-pcriodic orbits of H . In what follows, 
we do not distinguish these orbits of H. In other words, we differentiate only 
geometrically distinct simple periodic orbits of H or ipu- Furthermore, we restrict 
our attention only to x such that the corresponding orbits of H are contractiblc. 
Set A(x) := A H ^(x) and HF*(H,x) := UF*(H# T ,x) : where on the right hand 
side we can take any periodic orbit of H representing x. 
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Proposition 3.4. Let H be a Hamiltonian on a closed, symplectically aspherical 
manifold M 2n . Assume that all periodic orbits of H are isolated. Then 

2n V T7 — T > fc > 

where the sum is taken over all (geometrically distinct) simple periodic orbits x with 
period less than or equal to k and HF„(if, x) ^ (and hence < A(x) < 2n). 

Here wc use the convention that when A (a;) = the left hand side is infinite and 
the inequality is automatically satisfied. Thus the proposition essentially concerns 
only the weakly non-degenerate case. For, when there is a symplectically degenerate 
maximum (A(x) = and HF n (H, x) ^ 0), the result holds trivially and gives no 
information. 

Example 3.5. Assume that A(x) > 8 > for all simple periodic orbits with 
BF n (H, x) ^ 0. Then the number of such (geometrically distinct) orbits of period 
up to k, which we denote by P{k), grows at least linearly with k. More precisely, 
P(k) > Sk/2n. 

Proof of Propostion 3.4- Fix a positive integer k. For a simple periodic orbit x 
with period r < k, let Z(x) be the collection of positive integers I < k, divisible 
by t, such that the iteration x £ / r is a carrier of the action selector for H# e / T . By 
definition, 

\JZ(x) = {l,2,...,k}. 

X 

Note that \Z(x)\ < 2n/A(x). Indeed, A H#rT (x r ) > 2n when r > 2n/A(x), and 
hence x r cannot be a carrier of the action selector. Thus 

X V ' X 

and the proposition follows. □ 

Remark 3.6. In the context of symplectic topology, little is known about the growth 
of orbits for sufficiently general Hamiltonian diffcomorphisms tp of symplectically 
aspherical manifolds. (Numerous growth results obtained by dynamical systems 
methods usually rely on restrictive additional requirements on tp such as, for in- 
stance, hyperbolicity or topological requirements; see, e.g., [KH] and references 
therein.) In the setting considered here, the strongest growth result is probably 
the one from [SZ] asserting the existence of a simple periodic orbit for every suf- 
ficiently large prime period when H is weakly non-degenerate. Thus, in this case, 
P(k) grows at least as fast as fc/lnfc. The only linear growth result the authors are 
aware of is that of Vitcrbo, [Vi], according to which the number of simple periodic 
orbits with positive action and period less than or equal to k grows at least linearly 
with k when H > is a compactly supported, non-zero Hamiltonian on R 2 ™ (or on 
any so-called wide manifold - see [Gii]). 

References 

[AS] A. Abbondandolo, M. Schwarz, Floer homology of cotangent bundles and the loop 

product, Preprint 2008, arXiv:0810.1995. 
[Co] C.C. Conley, Lecture at the University of Wisconsin, April 6, 1984. 



14 
[CZ] 

[EP] 

[Fll] 

[F12] 

[FHS] 

[FrHa] 

[FGS] 

[FS] 
[FO] 
[FOOO] 

[Gil] 

[Gi2] 
[GG1] 

[GG2] 

[GK] 

[GM] 

[Gii] 

[Hi] 

[Hel] 

[Hc2] 

[HS] 

[HWZ1] 

[HWZ2] 

[HZ] 

[KH] 

[LcC] 



VIKTOR GINZBURG AND BA§AK GUREL 



C. Conley, E. Zehnder, A global fixed point theorem for symplectic maps and subhar- 
monic solutions of Hamiltonian equations on tori, in Nonlinear Functional Analysis 
and its Applications, Pari, 1 (Berkeley, Calif., 1983), 283299, Proc. Sympos. Pure 
Math., 45, Part 1, Amcr. Math. Soc., Providence, RI, 1986. 

M. Entov, L. Polterovich, Rigid subsets of symplectic manifolds, Compos. Math., 145 
(2009), 773-826. 

A. Floer, Witten's complex and infinite-dimensional Morse theory, J. Differential 
Geom., 30 (1989), 207-221. 

A. Floer, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys., 120 
(1989), 575-611. 

A. Floer, H. Hofer, D. Salamon, Transversality in elliptic Morse theory for the sym- 
plectic action, Duke Math. J., 80 (1996), 251-292. 

J. Franks, M. Handel, Periodic points of Hamiltonian surface diffeomorphisms, Geom. 
Topol., 7 (2003), 713-756. 

U. Frauenfelder, V. Ginzburg, F. Schlenk, Energy capacity inequalities via an action se- 
lector, in Geometry, spectral theory, groups, and dynamics, 129-152, Contemp. Math., 
vol. 387, Amer. Math. Soc, Providence, RI, 2005. 

U. Frauenfelder, F. Schlenk, Hamiltonian dynamics on convex symplectic manifolds, 
Israel J. Math., 159 (2007), 1-56. 

K. Fukaya, K. Ono, Arnold conjecture and Gromov-Witten invariant, Topology, 38 
(1999), 933-1048. 

K. Fukaya, Y.-G. Oh, H. Ohta, K. Ono, Lagrangian Intersection Floer Theory: Anom- 
aly and Obstruction, Parts I and II, AMS/IP Studies in Advanced Mathematics, vol. 
46.1 and 46.2, American Mathematical Society, Providence, RI; International Press, 
Somerville, MA, 2009. 

V.L. Ginzburg, The Weinstein conjecture and theorems of nearby and almost exis- 
tence, in The breadth of symplectic and Poisson geometry, 139-172, Progr. Math., 
232, Birkhauser, Boston, MA, 2005. 

V.L. Ginzburg, The Conley conjecture, Ann. of Math., 172 (2010), 1127-1180. 

V.L. Ginzburg, B.Z. Giirel, Action and index spectra and periodic orbits in Hamiltonian 

dynamics, Geom. Topol, 13 (2009), 2745-2805. 

V.L. Ginzburg, B.Z. Giirel, Local Floor homology and the action gap, J. Sympl. Geom., 
8 (2010), 323-357. 

V.L. Ginzburg, E. Kerman, Homological resonances for Hamiltonian diffeomorphisms 
and Reeb flows, Int. Math. Res. Not. IMRN, 2010, 5368. 

D. Gromoll, W. Meyer, On diffcrentiablc functions with isolated critical points, Topol- 
ogy, 8 (1969), 361-369. 

B. Z. Giirel, Totally non-coisotropic displacement and its applications to Hamiltonian 
dynamics, Comm. Contemp. Math., 10 (2008), no. 6, 1103-1128. 

N. Hingston, Subharmonic solutions of Hamiltonian equations on tori, Ann. of Math., 
170 (2009), 525-560. 

D. Hein, The Conley conjecture for irrational symplectic manifolds, Preprint 2009, 
arXiv:0912.2064; to appear in J. Sympl. Geom. 

D. Hein, The Conley conjecture for the cotangent bundle, Preprint 2010, 
arXiv:1006.0372; to appear in Arch. Math. (Basel). 

H. Hofer, D. Salamon, Floer homology and Novikov rings, in The Floer memorial 
volume, 483-524, Progr. Math., 133, Birkhauser, Basel, 1995. 

H. Hofer, K. Wysocki, E. Zehnder, SC-smoothness, retractions and new models for 
smooth spaces, Discrete Contin. Dyn. Syst., 28 (2010), 665—788. 

H. Hofer, K. Wysocki, E. Zehnder, Applications of polyfold theory II: The polyfolds of 
symplectic field theory, in preparation. 

H. Hofer, E. Zehnder, Symplectic Invariants and Hamiltonian Dynamics, Birkauscr, 
1994. 

A. Katok, B. Hasselblatt, Introduction to the Modern Theory of Dynamical Systems, 
Encyclopedia of Mathematics and its Applications, 54. Cambridge University Press, 
Cambridge, 1995. 

P. Le Calvez, Periodic orbits of Hamiltonian homeomorphisms of surfaces, Duke Math. 
J., 133 (2006), 125-184. 



CONLEY CONJECTURE 



15 



[LT] G. Liu, G. Tian, Floer homology and Arnold conjecture, J. Differential Geom., 49 

(1998), 1-74. 

[LO] H.V. Le, K. Ono, Cup-length estimates for symplectic fixed points, in Contact and 

symplectic geometry (Cambridge, 1994), 268—295, Publ. Newton Inst., 8, Cambridge 
Univ. Press, Cambridge, 1996. 

[Lol] Y. Long, Index Theory for Symplectic Paths with Applications, Progress in Mathemat- 

ics, 207. Birkhauser Verlag, Basel, 2002. 

[Lo2] Y. Long, Multiple periodic points of the Poincare map of Lagrangian systems on tori, 

Math. Z., 233 (2000), 443-470. 

[Lu] G. Lu, The Conley conjecture for Hamiltonian systems on the cotangent bundle and 

its analogue for Lagrangian systems, J. Fund. Anal., 256 (2009), 2967-3034. 

[Ma] M. Mazzucchelli, The Lagrangian Conley conjecture, Preprint 2008, arXiv:0810.2108; 

to appear in Comment. Math. Helv. 

[MS] D. McDuff, D. Salamon, J-holomorphic Curves and Symplectic Topology, Colloquium 

publications, vol. 52, AMS, Providence, RI, 2004. 

[Oh] Y.-G. Oh, Construction of spectral invariants of Hamiltonian paths on closed sym- 

plectic manifolds, in The breadth of symplectic and Poisson geometry, 525-570, Progr. 
Math., 232, Birkhauser, Boston, MA, 2005. 

[On] K. Ono, On the Arnold conjecture for weakly monotone symplectic manifolds, Invent. 

Math., 119 (1995), 519-537. 

[Po] M. Pozniak, Flocr homology, Novikov rings and clean intersections, in Northern Cali- 

fornia Symplectic Geometry Seminar, 119-181, Amer. Math. Soc. Transl. Ser. 2, 196, 
AMS, Providence, RI, 1999. 

[Sa] D.A. Salamon, Lectures on Floer homology, in Symplectic Geometry and Topology, 

Eds: Y. Eliashberg and L. Traynor, IAS/Park City Mathematics series, 7 (1999), pp. 
143-230. 

[SZ] D. Salamon, E. Zehnder, Morse theory for periodic solutions of Hamiltonian systems 

and the Maslov index, Comm. Pure Appl. Math., 45 (1992), 1303-1360. 

[Sc] M. Schwarz, On the action spectrum for closed symplectically aspherical manifolds, 

Pacific J. Math., 193 (2000), 419-461. 

[Vi] C. Viterbo, Symplectic topology as the geometry of generating functions, Math. Ann., 

292 (1992), 685-710. 

[Ul] M. Usher, Spectral numbers in Floer theories, Compos. Math., 144 (2008), 1581-1592. 

[U2] M. Usher, Deformed Hamiltonian Floer theory, capacity estimates, and Calabi quasi- 

morphisms, Preprint 2010, arXiv:1006.5390. 

VG: Department of Mathematics, UC Santa Cruz, Santa Cruz, CA 95064, USA 
E-mail address: ginzburgOmath.ucsc.edu 



BG: Department of Mathematics, Vanderbilt University, Nashville, TN 37240, USA 
E-mail address: basak.gurel9vanderbilt.edu 



